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1. ABSTRACT 
This report presents a method of defining a minimum-phase transfer 
function within the bounded regions of phase and gain specifications at 
several discrete frequencies. The application of complex curve fitting 
techniques and the principles of gain and phase stability for a transfer 
function are employed. The developed method is applied to two conditions 
and six cases; the results show that the method is simple and effective. 
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3 .  INTRODUCTION 
The m a t e r i a l  c m t a i 3 e d  f n  t h i s  r e p o r t  was prepared by t h e  Research 
6r Analysis  Ssctfsn of  Nor thmp Space Labora to r i e s  i n  compliance with 
requirements  s p e c i f i e d  by the  Dynamic S t a b i l i t y  Sec t ion  of t h e  Marshall  
Space F l i g h t  Center .  I n  g e n e r a l ,  t h e  requirement i s  t o  develop a method 
co o b t a i n  a r e a l i s t i c  s t a b i l i t y  network c o n f i g u r a t i o n  from given non- 
unique phase-gair. s p e c i f i c a t i o n  a t  s e v e r a l  d i s c r e t e  f r equenc ie s .  A sys t ema t i c  
des ign  approach t o  o b t a i n  t h e  above o b j e c t i v e  was de f ined  and r epor t ed  
:$s t h e  NSL/HuntsviPle AercIAstro Tech. Memo. No. 16, May 19, 1964 (Ref. 1). 
T’nis repar: wntaisns  a po r t ion  of t h e  work noted above; s p e c i f i c a l l y ,  a 
tniz”nd is determiried f o r  de f in ing  a minimum-phase t r a n s f e r  f u n c t i o n  when 
b s s d e d  9egio.a.s a t  varLsus frequency modes of phase and g a i n  a r e  s p e c i f t e d .  
Complex curve r‘Lti;:-ig ?s;h?iques and c o n d i t i o n s  f o r  che s t a b i l i t y  of 
c r a n s f e r  fur.cs%osls a r e  Iworposa ted  i s r  t h i s  r e p o r t .  F igu re  3.1 c o n t a h s  
a flow cha r r  whfch d e p i c t s  t h e  procedure f o r  o b t a i 9 i n g  s t a b l e  t r a n s f e r  
func+_:ons. 
Two c o n d i t i o n s  and six cases  h a s  been worked o u t  s u c c e s s f u l l y .  It 
i s  f e l t  t h a t p  i f  t h e  sales  of s t a b i l i t y  a r e  followed c l o s e l y  (to th- is  
effects a s e t  of t e m p l a t c s i s  used; a minimum-phase t r a n s f e r  f u n c t i m  can 
always be de f ined  w i t h i 2  t h e  bounded r eg ions  o f  phase and g a i n  s p e c f f i c a c i o p s .  
Af t e r  ottal-.:ng rhe  most simple minimum-phase t r a 3 s f e r  furcti:?, the 
next  s t e p  i s  t o  develop a p rec i se  method t o  design a s c a b i l i t y  netwJrk 
confPguracfon in accsrdance w i t h  t h e  ob ta ined  t r a n s f e r  func t ion .  I t  i s  
be l i eved  t h a c ,  w:th a d d i t i o n a l  study, t h e  network s y n t h e s i s  techn-lque 
6 
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presented in Reference 1 can be refined and fully automated in conjunction 
with the methods presented in this report. 
a 
4 .  MINIMUM-PHASE REQUIREMENTS AND THE RULES OF S T A B I L I T Y  
A system t h a t  has  no 
r l ~ l l  plane i s  de f ined  a s  a 
system a l l  f a c t o r s  of t h e  
and /o r  ( 1  AS + BS ). A 
t h e  r i g h t  -ha l f  "sll plane i s  
2 
open-loop podes o r  z e r o s  i n  t h e  r i g h t - h a l f  
minimum-phase system. 
t r a n s f e r  f u n c t i o n  a re  of t h e  form (1 + T S )  
system t h a t  h a s  open-loop po le s  o r  z e r o s  i n  
defined as a non-minimum-phase system. Thus, 
For t h i s  type o f  
f o r  t h i s  s i t u a t i o n ,  one o r  more terms i n  t h e  t r a n s f e r  f u n c t i o n  have 
t h e  form ( 1  - TS) and /o r  ( 1  2 AS T BS 2 >. Most p r a c t i c a l  systems a r e  i n  
t h e  minimum-phase category. 
mainly f o r  minimum-phase systems. 
The methods developed i n  t h i s  r e p o r t  a r e  
The s t a b i l i t y  and t h e  corresponding response of a system can be 
determined from t h e  l o c a t i o n  o f  the po le s  of t h e  t ransform F( s )  i n  t h e  
s plane.  The p o s s i b l e  p o s i t i o n s  of t h e  po le s  a r e  shown i n  Figure 4-1. 
b f S 
IC 
k 
b 
Figure 4-1. Location of po le s  i n  t h e  s Plane 
9 
f 
plane 
U 
For t h e  l o c a t i o n s  o f  t h e  poles shown i n  Fig.  4-1 t h e  responses  a r e  
given i n  Table 4-1. These poles a r e  t h e  r o o t s  of t h e  denominator of 
t h e  t ransform F ( s ) .  
Table 4-1. R e l a t i o n  of Response t o  Locat ion of  Poles  
P o s i t i o n  of Form of Response 
Pole  
C h a r a c t e r i s t i c s  
a 
- ~ ~~~ - 
damped exponen t i a l  
- u t  b K e sin(wdt + 0 )  e x p o n e n t i a l l y  damped s inuso id  
e K cons t an t  
d K sin l W d t  + $1 cons tan t  s inuso id  
i n c r e a s i n g  exponen t i a l  ( u n s t a b l e )  -Cot e K e  
f e x p o n e n t i a l l y  i n c r e a s i n g  
s inuso i d  (uns t a b  1 e '> 
where Q = r e a l  a x i s s  j w  = imaginary a x i s ,  ( f requency)  
K - cansizarc, t = t ime i n  second 
wd -= t h e  damped n a t u r a l  frequency of t h e  o s c i l l a t i o n  of 
t h e  t r a n s i e n t  response. 
Poles  of t h e  response transform a t  t h e  o r i g i n  o r  on t h e  imaginary 
a x i s  t h a t  a r e  not con t r ibu ted  by t h e  f o r c i n g  f u n c t i o n  r e s u l t  i n  a con-  
t i n u o u s  ou tpu t .  These o u t p u t s  a re  undes i r ab le  i n  a c o n t r o l  system. 
Poles  i n  t h e  r i g h t - h a l f  l r 5 I 1  plane r e s u l t  i n  t r a n s i e n t  response t h a t  
i n c r e a s e s  with t ime. T h i s  r ep resen t s  an uns t ab le  system; t h e r e f o r e ,  
p o l e s  i n  t h e  r i g h t - h a l f  " s i '  pParte a r e  undes i r ab le .  
10 
It h a s  been shown (Ref, 6) t h a t  s t a b i l i t y  of response of  
F ( s 1  = B(s) A(s' r e q u i r e s  t h a t  a l l  roo t s  of B(s) have n e g a t i v e  r e a l  p a r t s ,  
azd f o r  a minimum-phase systems a l l  r o o t s  of A ! s j  have n e g a t i v e  real 
p a r t s  a l s o .  S ince  it i s  use l e s s  t o  f i n d  t h e  exact  s o l u t i o n  when t h e  
response i s  u n s t a b l e ,  a simple procedure t o  determine t h e  e x i s t e n c e  
of r o o t s  with p o s i t i v e  r e a l  p a r t s  i s  d e s i r e d .  
c r i t e r P m  and Nyquist's s t a b i l i t y  c r i t e r i o n  a r e  good simple methods 
of determining t h e  number of roo t s  with p o s i t i v e  r e a l  p a r t s  without  
a c t u a l l y  so lv ing  f o r  t h e  s o o t s  of B ( s )  o r  A ( s ) .  
cxnplex c u r v e - f i t t i n g  technique (Ref. 1) a computer program has  been 
w r t t t e n  which computes a l l  zeros  and po le s  of each t r a n s f e r  f u n c t i o n  
a u E m a t i e a l l y .  This program w i l l  be d i scussed  f u r t h e r  i n  Sectiton 5 .  
Routhls s t a b i l i t y  
However, f o r  t h e  
The use of  log magnitude and phase a n g l e  diagrams a r e  of g r e a t  
va lue  Pn s i t u a t i o - r s  where t h e  t r a n s f e r  fut lc t ion of a system i s  n o t  
known; cocsequent ly ,  t h e  Bode p l o t  of log magnitude and phase i s  used 
to d e f i n e  a t r a c s f e r  func t ion .  
The s t a b i l i t y  a3d approximate degree of s t a b i l i t y  can be d e t e r -  
mined from t h e  log magnitude and phase diagram. The s t a b i l i t y  cba r -  
ac t e r5s t i . c  i s  s p e c i f i e d  i n  terms of t h e  fol lowing q u a n t i t i e s '  
a .  GaST Crossover ." 
This is t h e  po ln t  on the p l o t  of t h e  t r a n s f e r  f u n c t l s n  a t  which 
t h e  magnitude is  u n i t y  ( l o g  
ga5n crossover  i s  c a l l e d  t h e  phase-margin frequency W 
F ( j a )  = 0 db). The frequency a t  
4 .  
10 
11 
b .  Phase Margin: 
This i s  180' p l u s  t h e  negat ive t r i g o n o m e t r i c a l l y  considered 
ang le  of t h e  t s a n s f e r  func t ion  a t  t h e  gaiq-crossover  poicjt. I t  
i s  designated a s  t h e  angle Y which can be expressed a s  
Y = 180° f $J 
c. Phase Crossover:  
Th i s  i s  t h e  point  on t h e  p l o t  of t h e  t r a n s f e r  f u n c t i o n  a t  
which t h e  phase ang le  i s  180'. The frequency a t  which phase 
c ros save r  o c c ~ r s  is  c a l l e d  t h e  gain-margin frequency W e 
d .  Gain Margins 
This  i s  t h e  a d d i t i o n a l  gain a t h a t  j u s t  makes t h e  system 
u n s t a b l e .  Expressed i n  terms of t r a n s f e r  f u n c t i o n  a t  
frequency o L t  i s  c 9  
(F(jwc)l  a = 1 
Tn terms of t h e  log magnitudes, i n  d e c i b e l s p  t h i s  i s  
Figezhe 4-2 shows ga in  margin and phase margin and t h e  c o n d i t i o n s  
Of s t a b i l i t y .  
12 
ia 1 (b  1 
F igu re  4 - 2 .  Log Magnitude and Phase Diagram, Showing Gain 
Margin and Phase Margin. ( ( a )  s t a b l e ,  ( b )  u n s t a b l e )  
The phase margin i s  t h e  amount of  phase s h i f t  a t  f requency u6 t h a t  
would j u s t  praduce i n s t a b i l i t y .  
most b e  p o s i t i v e  f o r  a s t a b l e  s y s t e m .  
obtair!ed with ~i phase margin s f  45 t o  60' .  
For minimum-phase network t h e  phase margin 
S a t i s f a c t o r y  response i s  u s u a l l y  
The g a i n  rnargi.9 i s  t h e  f a c t o r  by which t h e  g a i n  must be changed i~ 
o r d e r  t o  produce i n s t a b i l i t y .  The g a i n  margin must b e  p o s i t i v e  when 
expressed i n  d e c i b e l s  ( g r e a t e r  than u n i t y  as  a numeric) f o r  a s t a b l e  
system. 
1.3 
The t o t a l  phase ang le  of a t r a n s f e r  f u n c t i o n  a t  any frequency is  
c l o s e l y  r e l a t e d  t o  t h e  s l o p e  o f  the log magnitude curve a t  t h a t  frequency. 
The e f f e c t i v e n e s s  of t h i s  r e l a t i o n s h i p  f o r  f i r s t  and second o r d e r  
t r a n s f e r  f u n c t i o n s  can be r e a l i z e d  f o r  f r equenc ie s  which are  normally 
g r e a t e r  t han  t h e  phase-margin frequency w A s l o p e  of -20 db/decade 
i s  r e l a t e d  t o  an  ang le  of - 9 O O ;  a s l o p e  o f  -40 db/decade i s  r e l a t e d  t o  
an a n g l e  of  -180'; a s l o p e  of -60 db/decade i s  r e l a t e d  t o  an a n g l e  of  
-270O; e t c .  
t h e  p a r t i c u l a r  frequency being considered,  c o n t r i b u t e  t o  t h e  ang le  a t  
t h a t  frequency. 
frequency i n  q u e s t i o n ,  t h e  l e s s  they c o n t r i b u t e  t o  t h e  t o t a l  a n g l e  a t  
t h a t  frequency. 
4). 
Changes o f  s lope  a t  h ighe r  and lower f r equenc ie s  around 
The f a r t h e r  away t h e  changes of s l o p e  a r e  from t h e  
By p lac ing  a l i n e  tangent  t o  t h e  log-magnitude curve,  i t  i s  p o s s i b l e  
t o  e s t i m a t e  t h e  approximate value of  t h e  phase angle .  
A s  has  been seen,  t h e  s t a b i l i t y  of a system r e q u i r e d  t h a t  t h e  
phase margin b e  p o s i t i v e  f o r  a minimum-phase system. I n  o rde r  f o r  t h i s  
t o  be t r u e ,  t h e  a n g l e  a t  t h e  gain c ros sove r  (20  log IF(ju)( = 0 db)  
must b e  g r e a t e r  t h a t  -180O. This p l a c e s  a l i m i t  on t h e  s lope  of t h e  
log magnitude curve a t  t h e  ga in  crossover .  The maximum s l o p e  of t h e  
log  magnitude curve a t  g a i n  crossover should be more p o s i t i v e  than  
-40 db/decade; however, it i s  common s y n t h e s i s  procedure t o  a s s u r e  
s t a b i l i t y  by r e q u i r i n g  t h e  log-magnitude diagram t o  have -20 db/decade 
of frequency f o r  s e v e r a l  octaves of frequency about t h e  g a i n  crossover  
p o i n t .  Frequent ly ,  t h e  s lope a t  0-db po in t  i s  taken as  an a l t e r n a t e  
10 
statement  of s t a b i l i t y ,  bu t  it i s  n o t  always c o r r e c t .  
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Bode’s a t t enua t ion -phase  theorem s ta tes  t h a t  t h e  mathematical  
r e l a t i o n s h i p s  between t h e  log-magnitude and t h e  phase a n g l e  diagram 
f o r  a minimum-phase system i s  
wh e r e  
e ( w  ) = phase of  system a t  any frequency wx,(radian)  
X 
A = g a i n  (neper  = l n / F ( j w ) l  ) 
F(jw) = t r a n s f e r  func t ion  of t h e  system 
w 
v = In (r) 
X 
s l o p e  of log-magnitude diagram (1  n e p e r / u n i t  = 20 db/decade) dA dN 
- =  
Ada 8dw 
0 wo - w ( w  - ax) +fj2 w - w 0 < w  2 2 - Ux> 2 i””,, 2 2 2 0 (4 .2)  
o r  
where (I) i s  t h e  frequency above which t h e  phase i s  known and below which 
g a i n  c h a r a c t e r i s t i c  i s  known. 
0 
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Equation (4.1)  determines the phase c h a r a c t e r i s t i c  i f  t h e  g a i n  char-  
a c t e r i s t i c  over t h e  e n t i r e  frequency range i s  known. 
determines t h e  phase and g a i n  c h a r a c t e r i s t i c  over t h e  unknown p o r t i o n  
of t h e  frequency range from t h e  known phase a n g l e  over  p a r t  of t h e  
frequency range and t h e  unknown gain over  t h e  remaining p a r t  of t h e  
frequency range. Although t h e s e  theorems a r e  seldom used f o r  a c t u a l  
c a l c u l a t i o n s  because t h e y  a r e  more d i f f i c u l t  t han  t h e  methods p re sen ted  
i n  o u r  r e p o r t ,  t hey  do show t h e  interdependence of g a i n  and phase a n g l e  
f o r  a minimum phase system. 
Equation (4.2) 
The gain can be a d j u s t e d  ( t h i s  ra ises  o r  lowers t h e  log magnitude 
cu rve )  t o  produce a phase margin in t h e  d e s i r a b l e  range of 45 - 60°. 
The phase margin frequency W gives a q u a l i t a t i v e  i n d i c a t i o n  of t h e  speed 
of response of a system. 
9 
It can be shown t h a t  t h e  phase and g a i n  margin i s  r e l a t e d  t o  t h e  
e f f e c t i v e  damping r a t i o  5 of t h e  system. The p r e c i s e  f u n c t i o n a l  r e -  
l a t i o n s h i p  between magnitude and phase a n g l e  a t  a given frequency i s  
determined by t h e  b reak  frequencywn and e f f e c t i v e  damping r a t i o  5 when 
t h e  form of a t r a n s f e r  func t ion  i s  known. Figure 4-3aand 4-3b i l l u s t r a t e  
t h i s  po in t .  
A s e t  of Bode templateshave been made i n  accordance with d i f f e r e n t  
v a l u e s  of e f f e c t i v e  damping r a t i o  5.  Using t h e s e  templates, one can draw 
many phase and g a i n  curves which produce minimum-phase t r a n s f e r  f u n c t i o n s .  
The a p p l i c a t i o n  of t h e s e  templates w i l l  b e  d i scussed  f u r t h e r  i n  s e c t i o n  5.3.1. 
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5. THE APPLICATION OF COMPLEX CURVE-FITTING TECHNIQUE 
5 .1  Mathematical Model and Computer Programming 
The t heo ry  and t h e  mathematical model of complex curve f i t t i n g  
t echn ique  has  been discussed i n  d e t a i l  i n  t h e  NSL/Huntsville AERO/ASTRO 
Tech. Memo. No. 16, 19 May 1964. I n  t h i s  r e p o r t  i t  is summarized f o r  t h e  
b 
purpose of r e fe rence .  
The t r a n s f e r  f u n c t i o n  of a network o r  a dynamic system i s  necessa ry  
f o r  d e s c r i b i n g  t h e  frequency response c h a r a c t e r i s t i c s  o f t h a t  network o r  
system, and i n  gene ra l ,  t h e  response c h a r a c t e r i s t i c s  of a network o r  a 
dynamic system a t  a c e r t a i n  frequency i s  t h e  r a t i o  of ou tpu t  t o  inpu t  a t  
t h a t  frequency. 
( 5 - 1 )  ' 
where A ( j d  and B(jw) can be expressed i n  terms of  complex polynomials. 
That i s  
o r  
2 3 
G ( S )  = 9 9 
Po + p1S + p2s  + p3s + ... 
q0 + q1S + q2S' + q3s= + . . . 
where 
p ' s  and q9s a r e  polynomial c o e f f i c i e n t s  
j = C i  
w = frequency i n  r ad ian  p e r  second 
(5.2a) 
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Afte r  t h e  s e p a r a t i o n  of r e a l  and imaginary p a r t s ,  equat ions (5.2a) 
can be w r i t t e n  as 
where 
...) 2 4 
4 2 
4 
4 
a = p - p2w + p4w - 
+ q4w - ..., a = q  0 - q 2 w  
0 
..., 8 = p1 - p3w2 + p5w - 
T = q  - q 3 w 2  + q5w - ...) 
Suppose t h a t  t h e  func t ion  F ( j w )  is  used t o  d e s i g n a t e  an " i d e a l "  
f u n c t i o n ;  i . e . ,  a func t ion  which r e p r e s e n t s  t h e  d a t a  e x a c t l y .  Therefore ,  
F(jU) w i l l  have r e a l  and imaginary components which would co inc ide  
e x a c t l y  wi th  t h e  v a l u e s  ind ica t ed  by t h e  experimental  curve.  
w i l l  be  
The f u n c t i o n  
The numerical d i f f e r e n c e s  between t h e  two f u n c t i o n s  G ( j w )  and F ( j @ )  
r e p r e s e n t s  t h e  e r r o r  i n  c u r v e - f i t t i n g .  This e r r o r  i s  
m u l t i p l y i n g  both s i d e s  of equation (5.5b) by (a f j w T )  g ives  
20  
Equation (5.6) i s  t r e a t e d  a s  a weighted func t ion .  The a b s o l u t e  va lue  
of equat ion  (5 .6)  i s  given by 
E i s  def ined  a s  t h e  func t ion  g iven  i n  (5 .7)  summed over  t h e  sampling 
k f r equenc ie s  u 
t hus  
m 
E = 1 ( R ~ u ~  - I w r - ak)2  + (R w T - w f3 > 2  (5 .8)  k=o k k k  k k k + Ikak k k 
where 
R = [magnitude a t  w 1 [cos  (phase ang le  a t  w k > l  
Ik = [magnitude a t  W k l  [ s i n  (phase ang le  a t  
k k 
The unknown polynomial c o e f f i c i e n t s  pi ,  qi a r e  now eva lua ted  on t h e  
Following t h e  s tandard  mathematical  b a s i s  of  minimizing t h e  func t ion  E. 
procedures  equat ion  (5.8) is  d i f f e r e n t i a t e d  with r e s p e c t  t o  each of t h e  
unknown c o e f f i c i e n t s  pi ,  q i  and t h e  r e s u l t s  s e t  equal  t o  zero.  
11' 
- -  a E  - 1 - ~ ( u ~ R ~ -  U T  I - a  > = O  
k k k  k a p ~  k=o 
2 1  
By t h e  fo l lowing  l i n e a r  t ransformat ions  
1 
a =  - a  k k 
1 
*k P1 'k 
I 
a =  qo - Uk = (1 - a>;? 
I 
Tk = 91 'k 
and s u b s t i t u t e  t h e  fol lowing in to  t h e  equat ions ,  
i m 
x i =  c w k' k=o 
m 
Si = 1 ukRk 
k=o 
i 
2 
m 
k=o 
Ui = 1 ui(Kt + Ik> 
equat ion  (4 .9)  becomes 
+ q5T7 + q6s8 - q,T9 - ... - s2  
7k For convenience,  qo i s  se t  t o  equal t o  1. This  does n o t  a f f e c t  t h e  func t ion  
i n  any  manner. 
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PoT I 
PoS 2 
'oT3 
PIS 2 
P1T3 
p1s4 
+ qlOul2 - ... = u2 
... = 0 
-t q9'12 
o r  i n  ma t r ix  n o t a t i o n :  
i . e  
x 
0 
0 
x 
0 
2 
0 
x2 
x4 
0 
2 
7 -s 1 
7 
s 2  3 
4 a -s 3 
- A  
0 
- A  
0 
2 
4 
- T -  
L 
-S 4 
5 -T 
0 
-.A 
0 
4 
6 T 
S h  
5 
6 
- T  
S 
4 A 
0 
'6 
0 
5 
'6 
7 
T 
T 
... 
... 
... 
... 
... 
... 
... 
... 
... 
T1 s2  
T3 s 4  
-s T 
2 3  
-s T 4 5  
. .  
e .  . .  . .  
u2 O 
O ' 4  
' 4  O . .  . .  . .  . .  
-'I 
3 
s4 
-?5 
'6 
-u4 
0 
-'6 
+ q1'2 
0 
42u4 
i- q1u4 
-s4 
-T5 
6 
7 
-S 
-1 
0 
-'6 
0 
5 
6 
7 
8 
T 
-S 
T 
-S 
'6 
0 
'8 
- ... 
... 
... 
... 
... 
... 
... 
PO 
P1 
p2 
p3 
41 
42 
43 
(5.10) 
0 
S 
1 T 
s 2  
3 T 
0 
'2 
0 
The numerical value of t h e  unknown c o e f f i c i e n t s  may t h u s  be ob ta ined  
f rom Eq. (5.11). 
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The method of complex c u r v e - f i t t i n g  a s  presented h e r e  would correspond 
to a l e a s t - s q u a r e s  f i t  i f  l a  + j W T l  were a cons tan t .  
is  a weighting f u n c t i o n ;  so  t h i s  method can b e  desc r ibed  a s  a "weighted 
l e a s t  squares  f i t " .  However according t o  C. K. Sanathanan 's  opinion 
(Ref.  l o ) ,  t h i s  "weighted l e a s t  square f i t "  h a s  some s e r i o u s  d e f i c i e n c i e s .  
He suggested t h a t  t h e  d e f i c i e n c i e s  can be overcome by an i t e r a t i o n  pro- 
cedure which e f f e c t i v e l y  el iminates  t h e  above weight ing.  
A c t u a l l y  10 -C j W T l  
From equa t ion  (5.6), l e t  
then 
denote  
equat ion (5 .12)  can be modified by w r i t i n g  
(5.12) 
(5.13) 
wnere t h e  s u b s c r i p t  L corresponds t o  t h e  i t e r a t i o n  number. 
A s  Q;jw i s  not known i n i t i a l l y ,  i t  i s  assumed t o  be equal  t o  1. k '  
The subsequent i t e r a t i o n  tend t o  converge r a p i d l y  and t h e  c o e f f i c i e n t s  
evaluated become e f f e c t i v e l y  those ob ta ined  by minimizing t h e  sum of 
l E k l  f 2  a t  a l l  t h e  experimental  points .  
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From equat ion (5.13) 
(5.14) 
s u b s t i t u t i n g  WkL =r, 1 i n  equat ion (5.14) and summing f o r  a l l  kls 
uk)L-l 
(5.15) 
where WkL a l s o  equals  t o  
t 
and E 
(5.153 Ls p a r t i a l l y  d i f f e r e n t i a t e d  with r e s p e c t  t o  each of t h e  polynomial 
eoe f f Jc i en t s ,  and equal  t o  zero .  
same ma t r i ces  a s  i n  (5.11) except wi th  t h e  fo l lowing  d i f f e r e n t  n o t a t i o n s  
i s  a func t lon  s f  po3  p19 p2 ..., q l ,  q 2 9  q3 ... Now equat ion  k 
To eva lua te  t h e  c o e f f i c i e n t s ,  we have t h e  
m 
k=1 
i 
k k kL S i =  1 (u R w 
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The c o e f f i c i e n t s  q19 q 2 ,  q3' ... evaluated a t  i t e r a t i o n  L-1  a r e  used 
t o  eva lua te  W L  f o r  t h e  next  i t e r a t i o n .  
Due t o  t h e  e l i m i n a t i o n  of the weight ing f u n c t i o n  Q(jWk) by an  i t e r a t i o n  
procedure,  we c a l l  t h i s  modified method of c u r v e - f i t t i n g  as " l eas t - squa re  
f i t " .  
To d e f i n e  a minimum-phase t r a n s f e r  func t ion  w i t h i n  the  bounded 
r e g i o n  of phase and g a i n  s p e c i f i c a t i o n s ,  the fol lowing computer program 
h a s  been used. The flow c h a r t  i s  shown i n  Figure 5-1. It i s  est imated 
t h a t  t h e  average computer t i m e  for  a l l  computation i n  t h i s  program is  
about 6 minutes.  
A t  t h e  p re sen t  t ime, t h e  above program i s  n o t  f u l l y  automated because,  
a s  it w i l l  be  seen i n  s e c t i o n  5.3.1, t h e  d e s i r e d  cu rve  must be drawn 
b e f o r e  t n e  computer s t a r t s  t h e  computation. However, w i th  a d d i t i o n a l  
s t u d y 9  it i s  be l i eved  t h a t  t h e  processes of drawing a d e s i r e d  curve within. 
t h e  bounded r eg ion  of phase and ga in  s p e c i f i c a t i o n s  can b e  programmed i n t o  t h e  
compurer. Thus t h e  whole procedure w i l l  be  f u l l y  automated. 
5 .2  For a Ncn-Minimum-Phase System 
From s e c t i o n  5.1, it has been shown t h a t  by us ing  a s e t  of d a t a  
ob ta ined  from experimental  r e s u l t s  as  input  t o  t h e  complex curve f i t  
pracess, a c l o s e l y  fi 't  t r a n s f e r  func t ion  can b e  ob ta ined  through consecu t ive  
computer search.  
a t r a n s f e r  f u n c t i o n  w i t h  bounded r e g i o n s  of phase and g a i n  s p e c i f i c a t i o n s  
i s  acqu i red .  In  t h e  case  of non-minimum-phase system it i s  so simple t h a t  
Based upon t h e  above p r i n c i p l e ,  a method of d e f i n i n g  
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I 1  
t h e  o n l y  t h i n g  one has  to do i s  t o  p l o t  a f r e e  hand curve through t h e  
bounded r eg ions  of phase and gain s p e c i f i c a t i o n s  i n  l o g  magnitude and 
phase  ang le  diagram and t5en pick up, s a y  30 p o i n t s ,  ( a c t u a l l y  t h e  more 
t h e  b e t t e r )  from t h e  p l o t t e d  phase and g a i n  curve w i t h i n  a d e s i r e d  
frequency range a t  equal frequency i n t e r v a l s .  Af t e r  t h e  30 p o i n t s  
have been picked o u t ,  one can read o f f  t h e  va lues  of magnitude and phase 
a n g l e  d i r e c t l y  from t h e  log magnitude and phase a n g l e  diagram a t  each 
s p e c i f i c  frequency po in t .  Values of f r e q u e n c i e s ,  phase a n g l e  and magnitude 
farm a s e t  of d a t a .  
a c l o s e l y  f i t  t r a n s f e r  func t ion  can be ob ta ined  by a success ive  computer 
s ea rch .  
Using these  d a t a  as  inpu t  t o  t h e  computer program, 
5 . 3  For a MiTlinlm-P'nase System 
For a minimum-phase system, t o  o b t a i n  a s t a b l e  t r a n s f e r  f u n c t k m  
w i t h i n  t h e  bounded r eg ions  of phase and g a i n  s p e c i f i c a t i o n  i s  much more 
complicated i f  t h e  phase and gain s p e c i f i c a t i o n s  d e f i n e  on ly  d i s c r e t e  
bounded regions. FOP example, i f i  F igure 5-4, t h e  r e g i o n s  o t h e r  t h m  
t h o s e  wi th fn  t h e  r e c t a n g l e s  a r e  undefined. I f  t h e  method i n  Section 5.2 
cis eppl:ed, mGre o f t c r  than n o t ,  t h e  t r a n s f e r  f u n c t i o n s  so obtained w i l l  
be  u n s t a b l e ,  although one can always g e t  a good f i t .  
I n  4wder t3 a s s u r e  t h e  c a p a b i l i t y  of d e f i n i n g  a minimum-phase transfer 
function within t h e  regions of phase and g a i n  s p e c i f i c a t i o n s ,  t h e  mirrfmwn- 
phase requirements and t h e  r u l e s  of s t a b i l i t y  which were d i scussed  i n  
S e c t i o n  4 m u s t  be c l o s e l y  observed. when drawing a curve wi th in  t h e  bounded 
regions. T h i s  can be accomplished by t h e  a p p l i c a t i o n  of a s e t  of Bode 
cernplates. The techniques w i l l  be d i scussed  i n  t h e  fol lowing s e c t i o n .  
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5.3.1 The Appl ica t ion  of Bode Templates 
The templates a r e  made i n  accordance wi th  F igu re  4-3  and t h e  second 
O r d @ f  traTLsf€r f u E e t i o n  
2 
n 
n n 
w 
1 - 
2 s 2 25s + F!SZ = s f 2sw s + w 2  (,) + w  
n n 
(5.16b) 
where 
s = jd = fseqUeRCy ( r ad ian  pe r  second)  
0 = ucdamped natural (break) f requency n 
== dampir,g rat5.1 
0 and 5 both  a r e  cons tan ts .  n 
By char,g”,g t h e  va lue  of 5 of (5 .16a )a  s p e c i f i c  gain  curve  and phase 
w 
curve  c a ~  be obta i2ed  i n  t h e  log magnitude and phase diagram wi th  w as 
abscissa. To o b t a i n  ga in  curve and  
- 1  
r ._ 
I % i s  h a s  been shown in F igu re  4 - 3 .  
phase cz1rve9 equat ion  (5.16a3 i s  so lved  i n  t h e  fo l lowing  two e q m t 5 ~ - 1 s ,  
r e s p e c t i v e i y  
phase 
L 
a n g l e  I= t a n  
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uL 
n 
l1-J . 
A s e t  of 30 templates have been employed f o r  t h i s  work i n  which 
twenty-nine a r e  de r ived  from eq. (5.16). 
1.00 and one from equa t ion ,  
With damping r a t i o  from .010 through 
w w 
a first o r d e r  t r a n s f e r  funct ion.  
These templates a r e  designed t o  match 4 c y c l e  semi-log paper;  
. therefore ,  f o r  convenience it i s  d e s i r a b l e  t o  use 4 c y c l e  semi-log paper t o  
graph t h e  r equ i r ed  t r a n s f e r  funct ion.  
The shape of t h e  template with a damping r a t i o  of 3 = 0.1 i s  shown 
in Figure 5-2. 
To demonstrate t h e  a p p l i c a t i o n  of t h e s e  templates, two examples a re  
desc r ibed  as fol lows:  
Example 1, Suppose one wishes t o  determine a t r a n s f e r  f u n c t i o n  wCth 
damping r a t i o  of 0.1 and break frequency of 6 r a d i a n  p e r  second and a t  t h e  
same t i m e  draw t h e  magr,itude and phase diagram. 
s i m p l e .  The graph of t h e  curves a r e  shown i n  Figure 5-3. 
The procedures a r e  ve ry  
S t e p  1:. Mark frequency, magnitude ( i n  d b ) ,  and phase ang le  on 
h o r i z o n t a l  and v e r t i c a l  a x i s .  Draw zero db l i n e  and ze ro  
degree l i n e .  
30 
t 
1 
I 
a 
a 
I 
8 
I 
I 
8 
I 
I 
1 
I 
I 
I 
I 
I 
I 
m .  
N 
I 
vl 
FREQUENCY (RADIAN PER SECOND) 
1 
1' 
I 
1 
1 
D 
I 
I 
I 
I 
I 
1 
8 
I 
I 
1 
I 
I 
I 
S t e p  2 :  For g a i n  curve lay template of 5 = 0.1 on t h e  semi-log 
paper make zero db l i n e  on template c o i n c i d e n t  w i th  the zero 
db l i n e  on paper and break frequency l i n e  c o i n c i d e n t  with 
d e s i r e d  break frequency ( i n  t h i s  c a s e  W Then draw 
g a i n  curve along t h e  upper edge of t h e  template, which i s  
curve A i n  Fig.  5-3. 
= 6 ) .  n 
Some templates with s m a l l e r  damping r a t i o ,  f o r  example 5 = .012, have 
a ve ry  sharp peak of g a i n  curve.  However t h e  s h a r p  peak on template  
i s t r u n c a t e d .  In t h i s  c a s e s  one must complete t h e  peak when drawing t h e  
g a i n  curve such as curve B i n  Figure 5-3. 
S tep  3 :  For phase curve,  l a y  t h e  same t empla t e (5  = 0.1)  on t h e  lower 
p a r t  of Figure 5-3. 
c i d e n t  with t h e  zero degree l i n e  on paper and break frequency 
l i n e  co inc iden t  with break frequency ( W  = 6). Then draw 
phase curve along t h e  lower edge o f  t h e  template .  
Make zero degree l i n e  on template coin- 
n 
The t r a n s f e r  f u n c t i o n  f o r  curve A is :  
2 w 
n 
n n 
F A ( S )  = 
s + 2';ws t u2 
where 
-- 6 radian per  second, 5 = 0.1 n 
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Therefor  e 
I 
1 
1 
I 
1 
I 
I 
I 
8 
I 
I 
I 
I 
I 
I 
I 
I 
62  
2 FA(S) = S + 2 x O . l x 6 S + 6  
1 
0.028S2 + 0.033s i- 1 
FA(S) = 
For  curve B :  
iu - -  30 rad ian  per  second, 5 = 0.012 n 
Therefor  e 
1 
0.0011S2 f 0.0008S f 1 
FB(S) = 
It is c l e a r  t h a t  one can always o b t a i n  d i f f e r e n t  t r a n s f e r  func t ion  
with t h e  same damping r a t i o  by varying t h e  va lue  of w t h e  break  
frequency.  One can g e t  a s e t  of curves  of t h e  same shape by s imply moving 
t h e  template a long  t h e  zero  db and zero  degree l i n e s .  
n’ 
In  more complex cases ,  t ha t  i s  t h e  case  i n  which t h e  polynomials in 
t h e  t r a n s f e r  func t ion  F (S)  a r e  of h ighe r  o r d e r ,  one can use t h e  combination 
of  more than  one template t o  ob ta in  d e s i r e d  phase and ga in  curves  and t r a r s f e r  
func t ions .  Tu i l l u s t r a t e  t h i s  po in t ,  Example 2 i s  used. 
Example 2 :  For r a t e  gyro f i l t e r  s p e c i f i c a t i o n  l i m i t s ,  t h e  t o t a l  
phase and ga in  curves  a r e  defined as  shown on Fig.  5-4. 
The procedure is a s  follows: 
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I 
I 
I 
I 
I 
I 
I 
E 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 

I 
11. 
I 
1 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
1 
1 
I 
1 
I 
S t e p  1: S e l e c t  a s e t  of  templates which have s l o p e s  t h a t  appear 
c o n s i s t e n t  w i t h  t h e  s p e c i f i c a t i o n  l i m i t s  and whose 
summation appears f o r  both t o t a l  g a i n  and phase curves t o  
be w i t h i n  t h e  s p e c i f i c a t i o n  l i m i t s .  The above set  of  
templates may be one template o r  a s  many a s  f i v e  t empla t e s ;  
working with more than f i v e  templates becomes unwieldy. 
In t h i s  example, t h r e e  templates and f o u r  d i f f e r e n t  break 
f r equenc ie s  have been employed t o  draw four  g a i n  curves 
and fou r  phase curves.  By adding t h e s e  g a i n  and phase 
curves a t  every frequency p o i n t ,  t h e  t o t a l  g a i n  and phase 
curves a r e  obtained. 
S t e p  2: Apply method i n  example 1 t o  draw curves acco rd ing  t o  each 
s p e c i f i c  break frequency and template .  The t empla t e s  can 
b e  r eve r sed  ( t h e  peak of g a i n  curve p o i n t s  toward frequency 
a x i s ) .  I n  t h e  former c a s e ,  t h e  t r a n s f e r  f u n c t i o n  becomes 
2 2 
n ) = -  n n 
n n 
s + 25w s + w 2  w 
2 
n w 
s 2  t 25w s + w 2  F ( S )  =,/( 
See curve 3 and curves 4 i n  Figure 5-4 a s  an  example. 
S t ep  3 :  Obtain t o t a l  gain and phase curves.  Using a p a i r  of d i v i d e r s  
t h i s  process  can be performed e a s i l y .  I n  p r a c t i c a l  a p p l i c a t t m ,  
a computer subrout ine i s  employed.to compute and p l o t  t h e  
t o t a l  curves;  t h e r e f o r e ,  i t  i s  o n l y  necessa ry  t o  sum up t h e  
va lues  of a l l  phase o r  g a i n  curve a t  each d i s c r e t e  frequerzcy 
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I '  
1 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
s p e c i f i c a t i o n ;  then check whether t h e  t o t a l  ga in  o r  phase 
i s  wi th in  t h e  s p e c i f i c a t i o n  l i m i t s .  I f  t o t a l  g a i n  and 
phase i s  not within l i m i t s ,  a d j u s t  p o s i t i o n  of curves  
u n t i l  summation of phase and g a i n  i s  w i t h i n  s p e c i f i e d  
l i m i t s .  
S t e p  4 :  Obtain t r a n s f e r  func t ion .  For t h i s  example F igu re  5 - 4 ,  
curve 1 (ga in  and phase curve)  h a s  b reak  frequency 
= 4 . 3  and damping r a t i o  5 = 0.02; curve 2 has  = 7 ,  
1 1 2 
2 3 4 
3 
5 = 0.2; curve 3 ,  w = 6 . 4 ,  C 3  = 0 . 0 1 7 ;  curve 4 ,  w = 20, 
5 = 0 . 0 1 4 .  Since t h e  peak of g a i n  cu rves  1 and 2 p o i n t  
upward and above ze ro  db l i n e ,  t h e  t r a n s f e r  func t ion  w i l l  
be  
2 w 
n 
n n 
F(S) = 
s + 2sw s + w2 
(5.17) 
and s i n c e  t h e  peak of g a i n  curves of 3 and 4 po in t  downward 
and below t h e  zero db l i n e ,  t h e  t r a n s f e r  func t ion  have 
t h e  form 
2 s + 2 5 w  n s + w2 n 
2 
n 
F(S) = 
w 
(5.18) 
Now, w e  have t w o  t r a n s f e r  f u n c t i o n s  wi th  t h e  same form as 
(5.17) and two t r a n s f e r  f u n c t i o n s  with t h e  same form as  
(5.18). Multiplying t h e s e  f o u r  t r a n s f e r  func t ions  t o g e t h e r  
a t o t a l  t r a n s f e r  f u n c t i o n  i s  obtained.  
1 
I' 
I 
1 
1 
1 
I 
I 
I 
R 
I 
I 
1 
I 
t 
E 
8 
I 
1 
2 s 2 + 2 r , w s + u 2  
0 2 0 3 3  3 
W 
2 
1 0 Fo(S) = 
2 s 3- 2SlWlS 4- O2 s2 + 25 0 s + W2 w 
1 2 2  2 ' 3  
2 s +25 w ,2 3 4  4 
O' 4 
(5.19) 
Fo(S)  = 
Substituting the values of break frequencies and damping 
ratios into equation (5.19) F ( S )  becomes 
0 
(.02441406S2 + .00531250S + l)(.00250000S2 -+ .00170000S + 1) 
(.05408328S2 + .00930233S + l>(.02040816S2 -+ .05714285S 3- 1) 
F ( S )  = 
0 
(5.20a) 
or 
(5.20b) 0.000061S4 + 0.000055S3 + 0.0271S2 + 0.0072s + 1 
+ 0.0033S3 + 0.0752S2 + 0.0664 S + 1 Fo(S)  = 4 0.0111S 
5.3.2 Complex Curve Fit 
Equation (5.20) is a minimum-phase transfer function with m = 4, 
n = 4, (m is the degrees of  polynomial in numerator of the transfer 
39 
f u n c t i o n s  and n i s  t h e  degrees  of polynomial i n  the  denominator).  
t h i s  t r a n s f e r  func t ion  is  no t  n e c e s s a r i l y  t h e  on ly  and s i m p l e s t  t r a n s f e r  
f u n c t i o n  (polynomials w i th  lowest deg rees )  which meet o u r  requirements .  
I n  o r d e r  t o  explore  every p o s s i b i l i t y  of o b t a i n i n g  a s imples t  s t a b l e  
t r a n s f e r  f u n c t i o n ,  E q .  (5.20) i s  programmed i n t o  ou r  complex curve f i t t i n g  
p rocess .  A s  can be seen i n  Figure 5-4, t h e  t o t a l  g a i n  curve ob ta ined  
d e v i a t e s  somewhat from t h e  f i r s t  s p e c i f i c a t i o n  l i m i t .  This s i t u a t i o n  can 
be c o r r e c t e d  by a l t e r i n g  t h e  curve a s  shown i n  Fig. 5-4 and then  programmed 
t h e  a l t e r e d  r e s u l t s  by means of complex curve f i t t i n g  process .  
should be done i n  such a way t h a t  t h e  e x t e n t  of a l t e r i n g  w i l l  not  cause 
u n s t a b i l i t y .  This w i l l  be  discussed f u r t h e r  i n  S e c t i o n  5.4.2 Case I. 
However, 
The a l t e r a t i o n  
Based on Fig. 5-1,  t h e  d e t a i l s  o f  t h e  complex curve f i t  process  
i s  desc r ibed  below: 
Take equat ions (5.20b), the t r a n s f e r  f u n c t i o n  i s  f ed  i n t o  t h e  
computer, a sub rou t ine  w i l l  compute d a t a  shown i n  Table 5-1. Input  
format I i s  used f o r  t h e  inpu t  of t r a n s f e r  f u n c t i o n  which h a s  t h e  form 
a s  equat ions (5.20b), i . e . ,  F(S) = - A ( S )  where A ( S )  and B ( S )  a r e  polynomials. 
Input  format I1 i s  used f o r  t h e  input  of t r a n s f e r  f u n c t i o n  which has  
q u a d r a t i c  forms a s  i n  equat ion (5.20a). 
convenient t o  use input  format I1 t han  format I. 
B(S) 
For o u r  purpose, i t  i s  much more 
Using t r a n s f e r  f u n c t i o n  (5.20a) and (5.20b) a s  example t h e  above 
F o r t r a n  input  code shee t  a r e  completed. It should b e  pointed ou t  t h a t ,  
i n  i npu t  format I ,  
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4 : + . - I * * , - -  / i  
7 
L 
f 
P 
5 
a 
a 
J 
3 
a 
a 
a 
I 
I 
I 
P 
a 
a 
a 
a 
CI 
II 
1 
i 
a 
? 
I 
a 
4 
1 
I). 
m 
I 
x 
X 
- *  
- "  - .  
- "  
- n  - -  
, 2. .., 
P 
q I  
a 
- - 1  
- -  . : : e ,  
? r n ?  l ? N  
D I P .  % I  
a 
a 
a 
I " "  
81 ' 8  
f i .  

Table 5-1 
First Subroutine Computing R e s u l t s  
( a l so  input  daca f o r  complex cirve fit) 
f - s y c l e f s e c  
9.07961 
0'159LO 
1.11460 
1.23381, 
1.35350 
1.43312 
1.5'12113 
10 5923 5 
1.67141 
6.36943 
Amp1 i t u d e  
(Magnitude) 
1 e oooolj 
1.00000 
* 
0 . 2 U O O O  (0.158) 
0.34300(0.195) 
0.28200(0.188) 
0 21 PO0 ( 0.186 ) 
0.04170 
20 Log (AMP) 
( d e c i b e l )  
0.00000 
0.00000 
2 
-14.00000 (-16 0 )  
-9.30000(-14.2) 
-15.50000(-16.0) 
- 27 60000 
-._I. -- --- 
Phase 
== d egr  e e 
- 2. OWXJO 
- f h  . OOO@O 
-122.ooo!lo 
-120~814i)L"o 
-126.00000 
-134.00000 
- 141 0 00000 
- 14 4 OOOOO 
-152.00000 
-15~'.00000 
0 .  OOOi, 
I.I- - 
A Figures in t h e  parenthesis are csrreet ions made f o r  b r i n g i n g  t h e  gain 
curve wi rh  Sa 1 fm:t s . 
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1. The f i r s t  row of t h e  shee t  is f o r  t h e  purpose of case  i d e n t -  
i f i c a t i o n .  
ca se  i d e n t i f i c a t i o n .  
One can w r i t e  any words QTI t h i s  POW concerning 
2 .  In t h e  second row t h e r e  a r e  s i x  v e r t i c a l  dashes i n  t h e  format 
for curve p l o t t i n g ,  t he  f i r s t  v e r t i c a l  dash desjignates t h e  
p l o t  of @(f requency  i n  r a d i a n  per  second) v e r s u s  phase ang le  curve 
t h e  second dash p l o t s  W v e r s u s  db; r h i r d ,  t h e  p l o t  of @ ver sus  
magnitude; f o u r t h ,  t he  p l o t  of f (frequency i n  c y c l e s  per 
second) v e r s u s  phase ang le ;  f i f t h ,  t h e  p l o t  of f v e r s u s  db; 
s i x t h ,  t h e  p l o t  of f ver sus  magnitude . If one does EOC need 
all s i x  curves  t o  be p l o t t e d  some s p e c i f f c  ver t ,<cal  dash o r  
dashes can be el iminated.  
3. In row t h r e e ,  11011 i n  f i r s t  c e l l  i n d i c a t e s  complex polynomial. 
1104'1 i n  3rd and 4th c e l l s  means t h e  degree of t h e  complex 
polynomial and (6E10.0) in t h e  ceLPs from 6 t o  13 1s t h e  
format s ta tement  f o r  t h e  c o e f f i c , e n t s  of polynomial in which 
10.0 i n d i c a t e s  t h a t  10 c e l l s  w i l l  be used i n  t h e  fol lowing row 
f o r  each polynomial C o e f f i c i e n t .  
4. I n  t h e  f o u r t h  row, the  va lue  of  m e f f i c i e n t s  of polynomial 
-5  a r e  p u t  i n  exponent ia l  form. Far  example 0.000061 .= 6.1 x 10 . 
This va lue  w i l l  be shown i n  t h e  f o w t h  row a s  6.1 E - 5 .  The 
c o e f f i c i e n t  o f  h ighes t  degree should be p u t  in  f i r s t  10 c e l l s  
i . e . ,  t hose  cells from 1 t o  10,  then t h e  c o e f f i c i e n t s  of lower 
degree should be put i n  next IO cell:,  i . e . ,  from 11th t o  20th 
c e l l ,  e t c .  
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5 .  The usage of rows th ree  and fou r  i s  t h e  same a s  row f i v e  and 
s i x .  Third and fou r th  rows a r e  used f o r  t h e  numerator of t h e  
t r a n s f e r  f c n c t i o n s  and t h e  f i f t h  and s i x t h  rows f o r  t h e  de- 
nominator of t h e  t r a n s f e r  func t ion .  
6.  Row 8 i s  used f o r  frequency range and number of p o i n t s  d e s i r e d .  
.5 and 5 0 .  i n  c e l l s  1 - 2 and 11 - 13 i n d i c a t e  t h e  frequency 
range from - 5  t o  50 r a d . / s e c .  100. i n  ce l l s  2 1  - 24 means t h a t  
100 p o i n t s  w i th in  the above frequency range must be computed. 
The input format 11, rows 1, 2 and 10 have t h e  same usage a s  rows 
E ,  2 ,  and 8 i n  inpu t  format I. Other rows a r e  used t o  d e s i g n a t e  t h e  
f o 1 lowing : 
1. Tn row 3 I f 1 1 1  i n  t h e  f i r s t  c e l l  i n d i c a t e s  complex q u a d r a t i c  forms. 
2.  Row 4 and 5 a r e  used f o r  t h e  c o e f f i c i e n t s  of q u a d r a t i c  forms 
i n  t h e  numerator of t he  t r a n s f e r  func t ion .  I n  t h e  space from 
c e l l  1 t o  1 5 ,  t he  c o e f f i c i e n t  of S 2  term of t h e  f i r s t  q u a d r a t i c  
w i l l  be u t i l i z e d .  I n  c e l l s  from 16 t o  30 w i l l  b e  t h e  c o e f f i c i e p t  
of S and from 31 t o  45 t h e  cons t an t  term 1. The c o e f f i c i e n t s  
of t h e  next  quadra t i c  w i l l  be  i n  row 5 .  
f o r  t h e  c o e f f i c i e n t s  of q u a d r a t i c  forms i n  t h e  denominator of 
t h e  t r a n s f e r  funct ions.  
Row 7 and row 8 a r e  
Next, ano the r  sub rou t ine  w i l l  p l o t  phases and g a i n  curves i n  t h e  log 
magnitude and phase diagram f o r  t h e  t r a n s f e r  f u n c t i o n  which i s  shown i n  
F igu re  5-5  (So l id  L ines ) .  Using t h e  above d a t a  a s  i n p u t ,  computer con t inues  
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complex curve f i t  p rocess ,  searching f o r  a s imples t  and s t a b l e  t r a n s f e r  
f u n c t i o n  w i t h i n  t h e  s p e c i f i c a t i o n  l i m i t s  through a computational loop 
shown i n  Fig.  5-1, by changing t h e  degree of polynomials m and n. 
sequency of h a s  been programed i n t o  t h e  computer, i . e . ,  -, 
- 1 2 3 4  m 
4 y  z, 6, 5, 
s i m p l e s t  5 ( i - e - ,  2) and following t h e  sequence one by one up t o  h ighe r  
degree o r  compute o n l y  p a r t i c u l a r  ones o rde red  by t h e  u s e r .  The computation 
p rocess  w i l l  be  stopped au tomat i ca l ly  a s  soon a s  t h e  computer f i n d s  a 
s imples t  d e s i r a b l e  t r a n s f e r  funct ion.  I n  t h i s  example, seven computations 
(-, f, 
f u n c t i o n s  a r e  s t a b l e  and on ly  two of them a r e  w i t h i n  t h e  s p e c i f i c a t i o n  
l i m i t s .  The r e s u l t s  of each computation w i l l  i nc lude  a s e t  of d a t a  t h e  
same a s  those  i n  Table 5-1, a t r a n s f e r  f u n c t i o n  and t h e  z e r o s  and po le s  
( a l l  a r e  t h e  r o o t s  of t h e  complex polynomials) of t h e  t r a n s f e r  func t ion .  
F i n a l l y  t h e  sub rou t ine  w i l l  p lo t  t h e  phase and g a i n  curves f o r  t hose  d e s i r -  
a b l e  t r a n s f e r  func t ions .  
A 
1 
2 3’ 3’ 3’ 
... 5- The computer can e i t h e r  compute s t a r t i n g  from t h e  
m 1 
F 2  
n=2 i ,  $, $, 4,) have been made i n  which f o u r  of t h e  seven t r a n s f e r  
The two d e s i r a b l e  t r a n s f e r  f u n c t i o n s ,  t h e i r  ze ros  and po le s  and t h e  
phase and ga in  curves a r e  shown i n  F igu re  5-5 and 5-6. 
It has  been pointed o u t  t h a t  t h e  g a i n  curve i n  F igu re  5-4 i s  somewhat 
o u t s i d e  t h e  upper s p e c i f i c a t i o n  l i m i t  a t  t h e  f i r s t  f requency mode. F igu re  
5-5a and 5-6a i n d i c a t e s  t h a t  t h e  f i t t e d  g a i n  cu rves  ( d o t t e d  l i n e )  i s  
approximately t h e  same a s  t h e  o r i g i n a l  one ( s o l i d  l i n e ) .  
n o t  v e r y  s a t i s f a c t o r y .  Thus the g a i n  curve i n  F igu re  5-4 i . e . ,  t h e  o r i g i n a l  
These r e s u l t s  a r e  
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g a i n  curve ( s o l i d  l i n e )  i n  Figure 5-7a i s  modif ied i n  o rde r  t o  b r i n g  
t h e  s e c t i o n  of t h e  curve w i t h i n  the upper l i m i t .  The va lue  of  magnitude 
a t  each frequency po in t  is read  o u t  a s  shown i n  t h e  pa ren thes i s  of  
Table 5-1. Using t h e s e  modified da t a  a s  i npu t ,  through curve f i t  p rocess ,  
a new s e t  of  computations r e s u l t s  a r e  shown i n  F igure  5-7 and 5-8. 
Now t h e  f i t t e d  g a i n  curves  i n  Figure 5-7a and 5-7b a re  w e l l  w i t h i n  t h e  
s p e c i f i c a t i o n  l i m i t s .  The s i m p l e s t  t r a n s f e r  func t ion  obtained is:  
0.000054S4 + 0.000201S3 + 0.025944S2 + 0.018766s + 0.957323 
0.001508S4 + 0.004120S3 + 0.082812S2 + 0.08178953 -l- 1 
(5.21) Gj (S)  = 
5.4 Study Resu l t s  
Two cond i t ions  have been s tudied .  The r e s u l t s  of  t h e  s tudy  a re  con- 
s i d e r e d  ve ry  s a t i s f a c t o r y .  
5.4.1 Condit ion I ,  The Bounded Regions of Phase and Gain S p e c i f i c a t i o n s  
a r e  Well Defined: 
In  t h i s  c a s e ,  t h e  bounded reg ions  of  phase o r  ga in  s p e c i f i c a t i o n s  
i s  wel l  def ined ,  i . e . ,  t h e  bounded r eg ion  i s  a n a l y t i c  and s t a b l e .  For 
t h i s  s i t u a t i o n  t h e  d e f i n i t i o n  of a s t a b l e  t r a n s f e r  func t ion  w i t h i n  t h e  
bounded r eg ions  i s  ve ry  s i m p l e  and t h e  free-hand curve p l o t  method d iscussed  
i n  Sec t ion  5.2 can be u t i l i z e d .  
5.4.1.1 Case 1: Sa tu rn  SA-9 Roll A t t i t u d e  Rate  Shaping Network Frequency 
Response S - I  S tage  Burn. Given two we l l  def ined  bounded reg ions  a s  shown i n  
F igure  5-9,  one can draw phase and g a i n  curves by f r e e  hand, w e l l  w i t h i n  t h e  
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FIGURE 5-9a SATURN SA-9 ROLL ATTITUDE RATE 
,SHAPING NETWORK FREQUENCY RESPONSE,  
. S - I  STAGE BURN S P E C I F I C A T I O N  L I M I T S '  
FREQUENCY (CYCLE P E R  SECOND) 
bounded reg ions  a s  nominal response. 
phase and ga in  nominal response curves wi th in  a des i r ed  frequency range 
( i n  t h f s  case ,  t h e  frequency range i s  0.2 - 29.8 r ad / sec )  a t  every equal  
frequency i n t e r v a l .  Using t h e  values  of frequency, phase ang le ,  and magnitude 
a t  each poin t  a s  input  of complex curve f i t t i n g  process  fou r  minimum-phase 
t r a n s f e r  func t ions  were obtained. The t r a n s f e r  func t ion  and t h e i r  r o o t s  
a r e  shown i n  equat ions (5.22),  (5.231, (5.24) and (5.25). The f i t t e d  
phase and ga in  curves shown i n  Figure (5-9) ,  (5-101, (5-11) and (5-12) 
a r e  we l l  w i th in  t h e  s p e c i f i c a t i o n  l i m i t s .  
Then p ick  up some 80 po in t s  from each 
0.000017S3 f 0.001600S2 + 0.014100S i- 0.988000 G1(S) = 
0.0000000159S5 + 0.0000088S4 + 0.000522S3 + 0.0116S2 + 0.130s + 1 
(5.22) 
Zeros Poles  
-93.04 + O j  -27.24 5 5.28j 
-1.12 - + 25.145 -4.79 - + 11.99j 
-490.35 - 1 .27  x 10-21j 
0.00149S2 + 0.004678 + 0.99 
4 G CS) = 0.00000279S + 0.000439S3 + 0.01S2 + 0.123s -f 1 2 
Zeros Po le s  
-1.57 2 25.765 -16.46 - 1.93 x 10-33j 
-4.51 - + 12.04j 
-131.91 + O j  
58 
(5.23) 
0 .00149S2$0 .004678$0.99 G2(S) = 
0.00000279S4+0.000439S3~.01S2s0. 123S+1 
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3 0.00000608S 3- 0.00155S2 3 0.0076s + 0.99 G3(S) = 
0.00000509S4 f 0.00046S3 f 0.0107S2 f 0.124s + 1 
Zeros Poles  
-1.20 - f 25.393 -19.14 + O j  
-252.11 - 2.82 x 10-37j -4.65 - + 12.01j 
-61.89 + O j  
0.00139S2 + 0.0052s + 0.997 G4iS) = 
0.000437S3 + 0.0099S2 + 0.124s + 1 
(5.24) 
(5.25) 
Zeros Poles  
-1.87 _+ 26.72j -14.12 + O j  
-4.30 _f 11.98j 
It  can be seen t h a t  t r a n s f e r  func t ion  (5.25) i s  t h e  most simple one as 
f a r  a s  t h e  degrees  of polynomial a r e  concerned. 
5.4.1.2 Case 2 :  Sa turn  SA-9 Pitch-Yaw At t i t ude  Rate Shaping Network 
Frequency Response 5-1 S tage  Burn. The method used t o  d e f i n e  a t r a n s f e r  
func t ion  is exac t ly  t h e  same as  Case 1. Two s t a b l e  t r a n s f e r  func t ions  
( s e e  eq . j s  5.26 a n d 6 . 2 7 )  were obtained.  
shown i n  Figures  (5.13) and (5.14) a r e  we l l  w i th in  the  s p e c i f i c a t i o n  l i m i t s .  
The f i t t e d  phase and ga in  curves 
0.0000064S4 + 0.000064S3 -I- 0.00576S2 -t 0.028s 3- 1 -- 
6 5 4 G1(S) = 0.00000109S + 0.00000318S + 0.0000669s + 0 . 0 0 1 9 ~ ~  f 0.0239s2 f 0.182s f 1 
(5.26) 
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G ( S )  = 1 
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I 
1 I I I I 
Zeros 
-2.50 2 24.873 
-2.50 2 15.61j 
Poles  
-2.54 _f 19.25j 
-2.87 -+ 8.635  
-10.14 + O j  
-2889.00 -t O j  
0.00000666S4 f 0.0000725S3 + 0.00605S2 f 0.0298s + 1.03 
G tsl = 
2 0.00000298S5 $- 0.0000707S4 + 0.00182S3 + 0.0245S2 + 0.17558 + 1 
(5.27) 
Zeros 
-2.33 - f 15.45j 
-3.11 2 25.00j 
Po le s  
-11.96 + O j  
-2.93 _f 8.345 
-2.93 - + 18.71j 
The s i m p l e s t  t r a n s f e r  func t ion  is  (5.27). 
5.4.2 Condition 11, Phase and Gain S p e c i f i c a t i o n s  Define Di sc re t e  Bounded 
Regions : 
The bounded r eg ions ,  i n  t h i s  c a s e ,  a r e  def ined  on ly  a t  some s p e c i f i c  
frequericy modes. 
d i s c r e t e  bobnded reg ions  i s  r a t h e r  d i f f i c u l t  without  us ing  templates .  
method of t h e  app1icat:on o f  templates has  been d iscussed  i n  Sec t ion  5.3.1. 
The fal lowing eases  of study are  accomplished through t h e  a p p l i c a t i o n  
of  templates  and complex c u r v e - f i t t i n g  techniques.  
To f i n d  a s t a b l e  t r a n s f e r  func t ion  passing through t h e  
The 
The r e s u l t s  of s tudy  
a r e  very s a t i s f a c t o r y  a s  we l l .  
70 
5.4.2.1 Case 1: Rate Gyro F i l t e r  Phase and Gain S p e c i f i c a t i o n s .  A 
s i m p l e s t  s t a b l e  t r a n s f e r  funct ion has  been obtained.  The d e t a i l e d  r e s u l t s  
have been d iscussed  a s  example 2 i n  Sec t ion  5.3.1 and 5.3.2. 
5.4.2.2 Case 2 :  a-Meter F i l t e r  Phase and Gain S p e c i f i c a t i o n s .  Through 
t h e  m e  of templates  a s t a b l e  t r a n s f e r  func t ion  Fo(S)  i s  obta ined  
(5.283 0.0142S2 + 0.005958 + 1 
0.1600S2 + 0.02000S + 1 
F (S, = 
E) 
Use t h S s  t r a n s f e r  func t ion  a s  input t o  t h e  computer, through complex curve- 
fftt1ng process ,  t h r e e  more s t a b l e  des i r ed  t r a n s f e r  func t ions  a r e  obta ined .  
Tne r e s u l t s  a r e  shown i n  equations (5.29) ,  (5.30),  (5.311, and Figures  
:5.151, i5.16,), and (5.17). 
(5.293 0.0000435S3 + 0.0117S2 + 0.0112s + 0.768 G ( S )  = 1 0.0000157S4 + 0.000415S3 + 0.1605S2 i- 0.03568 + 1 
Poles  
-0.103 - + 2.50j 
-13.11 - + 100.27j 
0.000'J47S3 + 0.01228S2 -k 0.01135s + 0.772 
G 2 ; S )  = 
0.000461S3 f 0.1604S2 $- 0.035918 + 1 
Zerss  
-0.34 .- + 7.93j 
-259.64 + O j  .- 
7 1  
Poles  
-0.10 - + 2.50j 
-347.65 + O j  
65.30) 
1 
8 
1 
1 
I 
I 
8 
I 
1 
I 
I 
8 
I 
I 
I 
I 
I 
1 
0.01227S2 3. 0.008748 + 0.772 G3(Sl = 
0.P6031S2 -F 0.033038 + 1 
(5.31) 
Zeros Poles  
0.10 + 2.50j -0.36 - 4- 7.923 - 
One important p o i n t  should be mentioned h e r e  i s  t h a t ,  a s  we can s e e  
from FZgiire (5.15) through (5.17), t h e  nominal g a i n  curve ( s o l i d  cz rve )  
produced by t r a n s f e r  func t ion  F ( S )  i n  equat ion (5.28) i s  no t  w e l l  w i t h i n  
t n e  bowided r eg ions  a t  t h e  con t ro l  mode. However, a l l  of t h e  f i t t e d  g a i n  
c x v e s  (do t t ed  cu rve )  a r e  we l l  w i th in  s p e c i f i c a t i o n  l i m i t s .  This aga in  
proves t h e  use fu lness  of complex curve f i t  process.  
o 
5 . 4 . 2 . 3  Case 3 :  A t t i t u d e  Gyro F i l t e r  Phase and Gain S p e c i f i c a t i o n s .  Owitlg 
to less r e s t r i c t i o n s  caused by t h e  s p e c i f i c a t i o n  l i m i t s ,  o n l y  one template  
( 5  = 0.17, U 
s h a m  in equat ion (5.32) 
= 5 . 5 1  has  been used. The t r a n s f e r  f u n c t i o n  obtained i s  rl 
1 
Fc(S)  = 
0.03306S2 + 0.06182s + 1 
(5.32; 
Zeros Po le s  
-0.94 - + 0.36j 
The nsmiyal curve i s  shown i n  f i g u r e  (5.18). Because t r a n s f e r  
fw-,ction 15.32) i s  simple enough and a l s o  i s  d e s i r a b l e  and s t a b l e ,  compiex 
cu rve  f i t  5s not neeessa ry -  
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5.4.2.4 Case 4: Accelerometer F i l t e r  Phase and Gain S p e c i f i c a t i o n s  (Modifiedl.  
Although, i n  comparison with the o t h e r  ass ignments ,  t h e  s p e c i f i c a t i o n  1i.mit.s 
i s  most r e s t r i c t i v e  i n  t h i s  case,  a s t a b l e  t r a n s f e r  func t ion  has  been 
def ined  we l l  wi th in  t h e  s p e c i f i c a t i o n  l i m i t s  wi th  s l i g h t l y  more d e l i b e r a t i o n .  
The t r a n s f e r  func t ion  obtained is shown i n  equat ion (5.33) 
0.0000857S4 + 0.000062S3 + 0.03086033S2 + 0.0066678 + 1 
Fo(S)  = .  
0.00000183S5 1- 0.00016486S4 + 0.00499753S3 + 0.053383S2 + 0.106678 + B 
(5.333 
Through complex curve f i t  process,  t r a n s f e r  func t ion  G ( S )  i s  obtained which 
is s t a b l e  and wel l  w i th in  t h e  s p e c i f i c a t i o n  l i m i t s .  
1 
0.0000857S4 + 0.00006173S3 + 0.0308727S2 + 0.00666687s -+ 1 
G (S; = 
1 0.00000183S5 + 0.00016485S4 3. 0.00499758S3 $- 0.0533829S2 + 0.106678 + 1 
t 
-- Zeros Poles  
-0.09 - i- 5.9995 
-0.27 - $- 17.995 -29.26 - 9 x 10 
-0.067 2 4.505 
-lo5 
-30.37 - t 0.665 
80 
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6. CONCLUSION 
Complex c u r v e - f i t t i n g  technique i s  mainly designed f o r  t h e  purpose 
of e x t r a c t i o n  of a t r a n s f e r  func t ion  from a s e t  of d a t a  ob ta ined  from 
experimental  r e s u l t s .  
g a i n  a t  v a r i o u s  frequency po in t s .  The t r a n s f e r  f u n c t i o n  e x t r a c t e d  from 
t h i s  d a t a  n a t u r a l l y  w i l l  be  s t a b l e  i f  t h e  system under experiment i s  a 
minimum-phase system. This i s  t h e  r e s u l t  of t h e  p r e s e r v a t i o n  of c e r t a i n  
r e l a t i o n s h i p s  
t o  be s t a b l e ,  i . e . ,  t h e  frequency response c h a r a c t e r i z e  a minimum-phase 
system. As a r e s u l t ,  t h e  complex c u r v e - f i t t i n g  technique always has  t h e  
c a p a b i l i t y  t o  a t t a i n  a ve ry  c l o s e  f i t  t o  t h e  d a t a .  Consequently, t h e  
t r a n s f e r  functFon a s  obtained w i l l  r e p r e s e n t  t h e  d a t a  wi th  g r e a t  accuracy. 
The d a t a  u s u a l l y  inc ludes  t h e  v a l u e s  of phase and 
betwee9 phase and g a i n  t h a t  a r e  necessa ry  f o r  a system 
' I s  d e f i n e  a minimum-phase t r a n s f e r  f u n c t i o n  w i t h i n  t h e  bounded 
r eg ion  of phase and gain s p e c i f i c a t i o n s ,  t h e  minimum-phase requirements 
and r a l e s  of s t a b i l f L t y  f o r  a t r a n s f e r  f u n c t i o n  must be observed. To this 
ef fesc , ,  a s e t  of t empla t e s  is used. Through complex curve f i t  process  a 
s implesc and more r e f i n e d  d e s i r a b l e  t r a n s f e r  f u n c t i o n  can be obtained wiichi: 
t h e  phase and gafn s p e c i f i c a t i o n  l i m i t s .  
The a n i y  weak po in t  of t h i s  method i s  t h a t  w i thou t  t h e  a p p l i c a t i o n  
of ternplaces one can h a r d l y  d e f i n e  a s t a b l e  t r a n s f e r  f u n c t i o n  w i t h i n  a 
d i s c r e t e  r eg ion  of a given phase and ga in  s p e c i f i c a t i o n .  
templates  weeds some manual manipulat ion;  however, i t  i s  be l i eved  t h a t  
with a d d i t i o n a l  s t u d y ,  a n a l y t i c a l  expressions which r e p r e s e n t  t h e  templates  
may be inc3rporated i n t o  t h e  computer program f o r  complex curve f i t t i n g  
and t h e  technique f o r  d e f i n i n g  a s t a b l e  t r a n s f e r  would be f u l l y  automated. 
The use of 
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